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Abstract
This work shows two models of nonlocality for the phase field of non-isothermal phase transitions. In one case
the constitutive equations involve the phase field through functionals of the phase field over the region of the body;
in the other one the nonlocality is represented by functions of the gradient. The second law is expressed in integral
form for the whole region of the body. Upon exploitation of the second law inequality, in the case of functions
of the gradient, the evolution equation has to involve the variational derivative of the rescaled free energy, thus
supporting an assumption common in the literature.
© 2005 Elsevier Ltd. All rights reserved.
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1. Introduction
The phase-field approach is widely applied to model phase transitions (see, e.g., [1,2] and references
therein). The physical framework for the phase transition, in two-phase systems, is a continuum in which
two phases may coexist. The transition between the two phases is taken to occur smoothly, within an
appropriate layer or diffuse interface [3,4]. To describe the phase transition it is necessary to select a
quantity, usually called the order parameter, which differs in the two phases. The term phase field for
the order parameter emphasizes the smooth variation in the pertinent region Ω of the three-dimensional
space.
In this work we consider a phase-field model for a non-isothermal phase transition which occurs in
heat conducting materials such as a binary alloy. The order parameter, say ϕ, may represent the local
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concentration of one component. In such a case ϕ ∈ [0, 1] and ϕ = 0 or ϕ = 1 in the two phases. The
material properties of the continuum, at a point, may depend on the value of ϕ at the point but also on
the gradient ∇ϕ or on the whole function ϕ on Ω . Nonlocality often means a dependence on the whole
function ϕ.
Motivated by recent works on nonlocal phase-field models for non-isothermal phase transitions
(see [5] and references therein), this work has a threefold purpose. First, to revisit the nonlocal
formulation of the second law of thermodynamics—namely, the formulation for the whole region Ω .
Secondly, to derive thermodynamic restrictions for a rather general set of constitutive equations for non-
isothermal phase transitions. Thirdly, to examine whether the relaxation law for the phase evolution,
through the rescaled free energy functional, follows as a thermodynamic restriction or is merely an
assumption.
2. Nonlocal phase-field models
Throughout we refer to functions, φ say, on the space-time domain Ω × R. For any time t ∈ R, we
may consider real-valued functionals F[φ] in the form
F[φ] =
∫
Ω
F(φ(x))d3x
where the dependence on t is understood. The integrand F may be a function of φ(x) or, as is the case in
this work, a further functional of φ. The variational derivative δF/δφ of F with respect to φ is defined
by
δF
δφ
: lim
λ→0
F[φ + λχ ] − F[φ]
λ
=
∫
Ω
δF
δφ
(x)χ(x)d3x .
The Cahn–Hilliard equation, for the time evolution of the order parameter in isothermal conditions,
arises from the free energy functional
FCH[ϕ] =
∫
Ω
{
f (ϕ) + κϕ(1 − ϕ) + 1
2
α|∇ϕ|2
}
d3x
where f is an appropriate convex function and κ and α are constants. Quite naturally, one can say that
the integrand is the free energy density and that nonlocality is involved in a weak form, namely through
the gradient ∇ϕ. The additive term in |∇ϕ|2 occurs also in [6] and in many phase-field models.
Recently, Gajewski and Zacharias [7] have modelled the nonlocal interaction, again in isothermal
conditions, by letting the free energy of the whole body be given by a functional Ψ of the form
Ψ [ϕ] =
∫
Ω
{F(ϕ(x)) + ψˆ[ϕ](x)}d3x (1)
where ψˆ[ϕ] is the functional given by
ψˆ[ϕ](x) = ϕ(x)
∫
Ω
κ(|x − y|)(1 − ϕ(y))d3y.
A description of nonlocality through a kernel is examined also in [8]. The integrand of Ψ is not a free
energy density in the ordinary sense, ψ(ϕ(x)), but rather a functional of ϕ on Ω through ψˆ[ϕ]. We can
then regard the integrand as a nonlocal free energy density, say ψ[ϕ]. Next the model has been extended
to non-isothermal phase transitions for a conserved [9] or a non-conserved [5] order parameter ϕ.
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Sprekels and Zheng [5] allow for the dependence on the absolute temperature θ and take the nonlocal
free energy density ψ[ϕ, θ] in the form
ψ[ϕ, θ] = CV θ(1 − ln θ) + θF1(ϕ) + (β1 + β2θ)F2(ϕ) + F3(ϕ) + ψˆ[ϕ].
With this background, we now examine the thermodynamic scheme and the corresponding restrictions
for a nonlocal phase-field model.
3. Nonlocality and the second law in integral form
The balance of mass and momentum are disregarded in that we neglect the effects of motion and
let the mass density be a constant. Hence the balance of energy is the only significant balance law. We
assume that it has the standard differential form
e˙ = −∇ · q + r (2)
where e is the internal energy (per unit volume), q is the heat flux vector and r is the heat supply.
By analogy with the functionals in [7] and [5], we let the constitutive relations be expressed in terms
of functionals of the fields ϕ and θ and, accordingly, to state the second law as a condition for the whole
(body) region Ω and not for any point x ∈ Ω . Let η be the (possibly nonlocal) entropy density. The
second law of thermodynamics is taken to be expressed by the validity of the inequality∫
Ω
[η˙ + ∇ · (q/θ) − r/θ]d3x ≥ 0 (3)
for any pair of functions ϕ, θ on Ω ×R. Of course we may view the functions on Ω × R, such as ϕ and
θ , as time-dependent fields on Ω .
The free energy density ψ is related to e and η by the classical relation
ψ = e − θη.
Since
θη˙ = e˙ − ψ˙ − ηθ˙,
by means of (2) we can write the inequality (3) as∫
Ω
[
1
θ
(ψ˙ + ηθ˙) + 1
θ2
q · ∇θ
]
d3x ≤ 0. (4)
3.1. Thermodynamic restrictions
We let ψ, η,q be functionals of the fields ϕ and θ on the whole region Ω and write
ψ = Ψ [ϕ, θ], η = N [ϕ, θ], q = Q[ϕ, θ].
This representation is shorthand for
ψ(x, t) = Ψ [ϕ(·, t), θ(·, t)](x),
and likewise for η and q, which shows that the fields ϕ, θ and the responses ψ, η,q are considered at
the same time (no memory effects). For definiteness, and by analogy with [5], we let Ψ [ϕ, θ] take the
particular form
Ψ [ϕ, θ] = F(ϕ, θ) + G[ϕ].
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where F is a differentiable function. However, for the sake of generality, the functional G is taken in the
form
G[ϕ](x) = ϕ(x)
∫
Ω
κ(|x − y|)g(ϕ(y))d3y,
where g is a differentiable function.
A direct calculation gives, at x,
ψ˙ = Fϕϕ˙ + Fθ θ˙ + ϕ˙
∫
Ω
κ(|x − y|)g(ϕ(y))d3y + ϕ
∫
Ω
κ(|x − y|)(gϕϕ˙)(y)d3y
where the subscripts ϕ and θ denote partial derivatives. Because∫
Ω
ϕ(x)
[∫
Ω
κ(|x − y|)(gϕϕ˙)(y)d3y
]
d3x =
∫
Ω
ϕ˙(x)gϕ(x)
[∫
Ω
κ(|x − y|)ϕ(y)d3y
]
d3x .
we can write∫
Ω
ψ˙(x)d3x =
∫
Ω
[
Fθ θ˙ + Fϕ(x)ϕ˙(x) + δΨ
δϕ
ϕ˙
]
(x)d3x
where
δΨ
δϕ
(x) = Fϕ(x) +
∫
Ω
κ(|x − y|)g(ϕ(y))d3y + gϕ(x)
∫
Ω
κ(|x − y|)ϕ(y)d3y
is the variational derivative of Ψ at x.
Upon substitution in (4) we obtain∫
Ω
[
1
θ
(Fθ + η)θ˙ + 1
θ
δΨ
δϕ
ϕ˙ + 1
θ2
q · ∇θ
]
(x)d3x ≤ 0.
The linearity and the arbitrariness of θ˙ implies that this inequality holds if and only if
η = −Fθ , (5)∫
Ω
[
1
θ
δΨ
δϕ
ϕ˙ + 1
θ2
q · ∇θ
]
(x)d3x ≤ 0. (6)
No further condition follows from (6) if ϕ˙ cannot be arbitrary but rather we have in mind that it is related
to the fields ϕ and θ .
If the nonlocal effects on q are not given in the form of a functional of θ(·, t) and ϕ(·, t) but just in
the limit form of the Fourier law
q = −k∇θ,
where k may depend on the position x ∈ Ω , then the results (5) and (6) are still necessary and sufficient
conditions for the validity of the second law (3). In addition, if k(x) ≥ 0 at any point x ∈ Ω then, of
course,
q · ∇θ ≤ 0.
If ϕ˙ is determined by ϕ and θ by
ϕ˙ = −H [ϕ]δΨ
δϕ
(7)
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where H [ϕ] is a positive-valued functional of ϕ then∫
Ω
[
1
θ
δΨ
δϕ
ϕ˙
]
(x)d3x ≤ 0. (8)
Of course, (7) with H [ϕ] ≥ 0 and Fourier’s law with k ≥ 0 make (6) identically satisfied.
3.2. Comments
The thermodynamic restrictions (5) and (6) hold for any function g in G[ϕ]. The functional considered
in [7,5] is recovered by letting g(ϕ) = 1 − ϕ in which case
δΨ
δϕ
(x) = Fϕ(x) +
∫
Ω
κ(|x − y|)(1 − 2ϕ(y))d3y.
In the thermodynamic analysis of [5], the evolution equation is postulated in the form
μ(θ)ϕ˙ = ∂ϕSλ[ϕ, θ]
where Sλ is the maximum augmented entropy of the body,
Sλ =
∫
Ω
η d3x + λ
∫
Ω
e d3x .
The Lagrange multiplier λ is identified with −1/θ . Hence it follows that
Sλ[ϕ, θ] = 1
θ
Ψ [ϕ, θ]
where θ is constant in Ω . It is worth mentioning that, also in [6], the maximum of the total entropy,
at fixed total energy, is said to result in the temperature being independent of position. The evolution
equation (7), instead, holds at any point of the body for any pair of fields ϕ and θ .
That the relaxation law involves a rescaled free energy functional, namely
Ψ˜ [ϕ, θ] = 1
θ
Ψ [ϕ, θ],
is merely an assumption. In fact, both relations
ϕ˙ = −δΨ
δϕ
, ϕ˙ = −1
θ
δΨ
δϕ
are compatible with (8). Since
1
θ
δΨ
δϕ
= δ
δϕ
∫
Ω
1
θ(x)
[F(ϕ(x), θ(x)) + G[ϕ](x)]d3x,
the second choice provides a relaxation law with the rescaled free energy.
4. Nonlocality through the phase-field gradient
We now account for nonlocality effects by considering functions which depend on the gradient instead
of functionals of the whole field. By analogy with, and generalizing, the Cahn–Hilliard functional we
now look for a free energy density of the form
ψ = ψ(ϕ, θ,∇ϕ,∇θ).
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Correspondingly, we make the same assumption for η and q, namely
η = η(ϕ, θ,∇ϕ,∇θ), q = q(ϕ, θ,∇ϕ,∇θ).
Here, to save writing, we use the same symbol for the function and the value. We assume that ψ is
continuously differentiable whereas η and q are continuous.
Again we assume that the second law is expressed by the inequality (3), and hence by (4), for the
whole region Ω . Time differentiation of ψ gives
ψ˙ = ψϕϕ˙ + ψθ θ˙ + ψ∇ϕ · ∇ϕ˙ + ψ∇θ · ∇θ˙
where ψ∇ϕ = ∂ψ/∂∇ϕ and ψ∇θ = ∂ψ/∂∇θ . Upon substitution in (4) we have∫
Ω
{
1
θ
(ψθ + η)θ˙ + 1
θ
(ψϕϕ˙ + ψ∇ϕ · ∇ϕ˙) + ψ∇θ∇θ˙ + 1
θ2
q · ∇θ
}
dv ≤ 0 (9)
where dv is a reminder of the volume integral. Now,
1
θ
ψ∇ϕ · ∇ϕ˙ = ∇ ·
(
1
θ
ϕ˙ψ∇ϕ
)
− ϕ˙∇ ·
(
1
θ
ψ∇ϕ
)
.
Hence, by means of the divergence theorem we can write the inequality (9) in the form∫
Ω
{
1
θ
(ψθ + η)θ˙ +
[
1
θ
ψϕ − ∇ · (ψ∇ϕ/θ)
]
ϕ˙ + ψ∇θ∇θ˙ + 1
θ2
q · ∇θ
}
dv
+
∫
∂Ω
1
θ
ϕ˙ψ∇ϕ · n da ≤ 0 (10)
where n is the unit outward normal and da is a reminder of the surface integral. The arbitrariness of ∇θ˙
and θ˙ and the continuity of ψ∇θ , ψθ , η imply that
ψ∇θ = 0, η = −ψθ . (11)
Hence, the independence of the two remaining integrals requires that
ϕ˙ψ∇ϕ · n = 0 at ∂Ω, (12)∫
Ω
{[
1
θ
ψϕ − ∇ · (ψ∇ϕ/θ)
]
ϕ˙ + 1
θ2
q · ∇θ
}
dv ≤ 0. (13)
Since ψ is independent of ∇θ , if ϕ˙ is taken to be independent of ∇θ , then the arbitrariness of ∇θ and
the continuity of q imply that
q · ∇θ ≤ 0
at any point x ∈ Ω and∫
Ω
{[
1
θ
ψϕ − ∇ · (ψ∇ϕ/θ)
]
ϕ˙
}
dv ≤ 0.
Further consequences may follow according to the assumptions on ϕ˙.
Two comments are in order. First, the conditions (11) give once again standard results of classical
thermodynamics; the entropy is given by the partial derivative of the free energy and both of them are
independent of the temperature gradient. Secondly, since
1
θ
ψϕ − ∇ · (ψ∇ϕ/θ) = δΨ˜
δϕ
, Ψ˜ :=
∫
Ω
ψ(θ, ϕ,∇ϕ)
θ
dv,
it follows that the evolution of ϕ is governed by the rescaled free energy.
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Remark. The second law of thermodynamics can be given a differential form by letting an extra entropy
flux, say k, occur in addition to the vector q/θ (see, e.g., [10–13] for electromagnetism). The content of
the second law can then be expressed by means of the requirement that the inequality
η˙ + ∇ · q
θ
+ ∇ · k − r
θ
≥ 0
hold at each point of the body. The flux k is subject to
k · n = 0 at ∂Ω
so the second law for the whole body takes the form (3).
5. Conclusions
This work shows two models of nonlocality for the phase field of non-isothermal phase transitions.
In the first model the constitutive equations involve the phase field ϕ through functionals of ϕ over the
region Ω of the body. In the second one the nonlocality is expressed in the limit form of the dependence
on ∇ϕ at the pertinent point. The second law is expressed in integral form for the entropy of the whole
region Ω . In both cases thermodynamic restrictions are derived by regarding the time derivative ϕ˙ as not
free or rather as dependent upon the variables entering the model. For the models with functionals of
ϕ, no significant result follows about the relaxation law with the rescaled free energy. For the functions
of ∇ϕ, instead the evolution equation turns out to involve the variational derivative of the rescaled free
energy, thus supporting an assumption common in the literature.
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